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The purpose of this paper is to further evaluate two Howland integrals to 25D when their index is an even integer.
In a previous paper [1] , Ling and Lin evaluated the following two Howland integrals to 25D when their index k is an odd integer:
Ik _ 1 /•-wkdw (k > 1) W I* ~ 2(k\) J o sinh w ± w (k>3).
Recently, the author encountered a need of highly precise values of these two integrals when their index is an even integer. This occurs in the evaluation of certain allied integrals of a similar nature. The computation incurs rapid loss of significant figures, although the desired accuracy is of a lower degree. In order to meet the need, the two integrals are further evaluated in this paper to 25D when their index is an even integer.
The following expansions shown in the previous paper hold for any index k, even or odd:
(2) /* l + 2k + 2 + 3k+3 + 4* + 4 + ' ' ' (k>3),
where, for n > 0, «a.+tfr)-jto(-ir+" (2mk+k) |H^$22W(2n + 1)2"-2'",
The series in (2) converges rather slowly when the index is a small integer. For instance, to attain an accuracy of 25D, 50 terms of the series are needed when k < 20; but only ten terms are needed when k > 33.
When the index is an even integer, the following two pairs of expansions are derived in a similar manner by using the method described in the previous paper, which is a modification of Plana's method : Although the preceding expansions are more compUcated than the analogous ones for an odd index, yet their properties are essentially alike. Each expansion consists of two series. Each first series converges more rapidly when a is large and each second series when a is small. In the computation, a is likewise taken as unity. The four first series involve Si(nn/2) and the four second series zm, zjj,, Ex and ¿*. The values of Si(mr/2) have been tabulated by Ling and Lin [3] to 25D for n = 1 (1)200, together with a factor 2/7T. Further values can be generated easily whenever needed.
The complex zeros zm and z¡£, have been tabulated by ling and Cheng [4] to 11D for both real and imaginary parts. Their accuracy can be improved readily by using the Newton-Raphson method. The following series are suitable for computing ¿j and ¿* when |arg a\ < tt:
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To attain an accuracy of 25D for the two integrals with a = 1, 190 terms in the first series and three terms in the second series are needed when 2k < 60, or 130 terms in the first series and three terms in the second series when 2k < 30. If the value of a is doubled, the number of terms needed in the first series is halved but that in the second series is doubled.
The resulting values of the two integrals are computed from (4) for 2k < 60 and from (2) for 2k > 56. The overlapped values are used for checking purposes. The values computed from each pair of expansions in (4) are in agreement as they ought to be. The following relations may be used as an additional check:
(11) Ê*(l-'2*) = '2-T7. ¿*e2\-l) = jf. fc=l 10 k=2 1D
Comparison was made with Nelson's 18D values [5] . It revealed no discrepancy in
Nelson's results. The computation was carried out on an IBM 370 Computer with extended precision; and the 25D results for 2k from 2 to 90, inclusive, appear in Table 1 .
In conclusion, it may be mentioned that, as an alternate method of evaluation, one might attempt to use the Gregory-Newton interpolation formula to evaluate the two integrals, because the values for odd index have been tabulated. However, it was found that by this formula adequate precision could not be obtained, particularly for small even index, owing to the behavior of the integrals. 
